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1. Introduction
In his very well-known paper [10] R.C. James constructed an example of a non-reﬂexive Banach space X such that its
isometric embedding π(X) into its second dual has a codimension 1, i.e. dim(X ′′/π(X)) = 1. This led to the following
generalization of reﬂexivity, introduced in [2]: a Banach space X is called quasi-reﬂexive (of order n) if codimX ′′ π(X) < +∞
(codimX ′′ π(X) = n). Properties of these spaces have been studied in [3,9,11,22,24]. By [16, Cor. 25.10] if X is a Fréchet
space then π(X) is a closed subset of X ′′ . We say that a Fréchet space is quasi-reﬂexive if the codimension of π(X) in X ′′
is ﬁnite. There is another weaker deﬁnition in the literature due to Valdivia [25], but we will not adopt it here. Since every
Banach space is a Fréchet space and we have an example of James’ quasi-reﬂexive space J then giving examples of Fréchet
quasi-reﬂexive spaces is rather easy: for every reﬂexive Fréchet space Y the space Y × J is quasi-reﬂexive. In [17] there are
also examples of Fréchet quasi-reﬂexive spaces without Banach subspaces of inﬁnite dimension.
The aim of this paper is to continue the research of Albanese, Bonet and Ricker in [1] concerning the connection between
mean ergodic operators and the underlying Fréchet spaces in which they act. Recall that in [8] the authors characterize
Banach spaces with bases in terms of mean ergodicity. They obtain full characterization for ﬁnite dimensional Banach
spaces, reﬂexive Banach spaces and quasi-reﬂexive Banach spaces of order 1. In [1, Ths. 1.3, 1.4] the authors extend, among
other theorems, the ﬁrst two results for Fréchet spaces. We show that the characterization of quasi-reﬂexive Banach spaces
of order one, given in [8], is also available in the Fréchet space setting. This will be divided into two parts. In Section 2 we
prove that the theorem of Singer [24, Th. 3] is true also for Fréchet spaces. To do this we rely on the similarities between
Banach and Fréchet spaces which allow us to reproduce many of Singer’s arguments but at least two results require new
ingredients. To prove Theorem 1 we deal with the duality between Fréchet and (DF)-spaces and to obtain Lemma 7 we
apply the theory of splitting of short exact sequences of Fréchet spaces. Theorem 10 is crucial for the characterization of
quasi-reﬂexive Fréchet spaces with bases in terms of mean ergodicity. This is done in Section 3. The general reference for
functional analysis is [16] and for ergodic theory we refer the reader to [15].
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A Fréchet space is a locally convex space which is at the same time metrizable and complete. The topology of a Fréchet
space can always be given by a non-decreasing sequence of seminorms. If X is a locally convex Hausdorff space then by
X ′ we mean the linear space X∗ of all continuous and linear functionals with the strong topology b(X∗, X). A basis in a
locally convex Hausdorff space X is a sequence (x j) j∈N of elements with the following property: for every x ∈ X there exists
a unique sequence (α j) j of scalars such that the series
∑
j α j x j converges to x in the topology of X . The linear functionals
f j(x) := α j form the associated sequence of coeﬃcient functionals. If they all are continuous then (x j) j is called a Schauder
basis. By [12, 14.2.5] every basis in a Fréchet space is a Schauder basis. We will use in the sequel the following notation: the
symbol π will stand for the canonical embedding of a locally convex Hausdorff space X into its topological bidual X ′′ and
for a Schauder basis (x j) j in X we will denote by [ f j] the closed linear subspace of X ′ spanned by the associated sequence
( f j) j of coeﬃcient functionals.
Theorem 1. Let (X, (‖ · ‖n)n∈N) be a Fréchet space with a basis (x j) j and π : X ↪→ X ′′ the canonical embedding. Let φ : X → [ f j]′ be
the map deﬁned by φ(x) := π(x)|[ f j ] . The space φ(X) is a closed subspace of [ f j]′ and π(X) ⊕ [ f j]⊥ is a closed subspace of X ′′ .
Remark. Recall that [ f j] is a total subspace of X ′ therefore the notation π(X) ⊕ [ f j]⊥ makes sense.
Proof. We adapt to the Fréchet space setting the idea of Dixmier [5, Ths. 7, 8] and Singer [23, Th. 1]. Deﬁne
Un :=
{
x ∈ X: ‖x‖n  1
}
.
Then the sequence (Un)n∈N is a basis of closed zero neighbourhoods in X and the sets Bn := U ◦n form a fundamental
sequence of bounded sets in X ′ . For the sake of convenience we take V := [ f j] and for arbitrary numbers n,m ∈ N we
deﬁne:
rn,m := sup
{
t > 0: tBn ⊂ Bm ∩ V σ (X ′,X)
}
,
sn,m := inf‖x‖n =0 supf ∈Bm∩V
∣∣∣∣ f
(
x
‖x‖n
)∣∣∣∣,
Rn,m := sup
{‖x‖n: x ∈ Umσ (X,V )}.
We divide the proof into several steps.
Step 1. rn,m = sn,m . Suppose Bm ∩ V is σ(X ′, X)-dense in tBn and take x /∈ ker‖ · ‖n together with g ∈ tBn , g(x) = t‖x‖n .
Every σ(X ′, X)-neighbourhood of g contains a functional f ∈ Bm ∩ V therefore
sup
f ∈Bm∩V
∣∣∣∣ f
(
x
‖x‖n
)∣∣∣∣ t
and ﬁnally sn,m  rn,m .
If g ∈ sBn \ Bm ∩ V σ(X ′,X) then by [12, 7.3.6] we ﬁnd x ∈ X such that |g(x)| > 1 and | f (x)| 1 for all f ∈ Bm ∩ V . This
gives rn,m  sn,m .
Step 2. sn,m = R−1n,m . We may assume Rn,m < +∞. For arbitrary ε > 0 choose x0 ∈ Umσ(X,V ) such that ‖x0‖n > Rn,m − ε.
We have
sup
f ∈Bm∩V
∣∣∣∣ f
(
x0
‖x0‖n
)∣∣∣∣< 1Rn,m − ε
and cosequently, sn,m  R−1n,m .
Now take x ∈ X , ‖x‖n = 0. For ε > 0 we have
y := Rn,m + ε‖x‖n x /∈ Um
σ (X,V ).
By [12, 7.3.6] we ﬁnd f ∈ V such that
| f |Um | 1,
∣∣ f (y)∣∣> 1.
This gives
sup
f ∈Bm∩V
∣∣∣∣ f
(
x
‖x‖n
)∣∣∣∣ 1Rn,m
and ﬁnally sn,m  R−1n,m .
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Pk(x) :=
k∑
j=1
f j(x)x j, x ∈ X, k ∈N.
By [16, p. 296] and [12, 11.1.1] we get:
∀n ∈N ∃m ∈N, Cn > 0 ∀k ∈N: ‖Pkx‖n  Cn‖x‖m ∀x ∈ X . (1)
For arbitrary n ∈ N we take m ∈ N according to (1). Let x ∈ Umσ(X,V ) and let {yd: d ∈ } be a net in Um which is
σ(X, V )-convergent to x. For arbitrary n,k ∈N there exists d0 ∈  such that∥∥Pk(x)∥∥n − ∥∥Pk(yd0)∥∥n  ∥∥Pk(x− yd0)∥∥n < 1
which gives
‖Pkx‖n 
∥∥Pk(yd0)∥∥n + 1< Cn + 1.
Consequently,
‖x‖n  sup
k∈N
‖Pkx‖n  Cn + 1
and Rn,m  Cn + 1.
Step 4. Since rn,m = R−1n,m we get, for every n, a number m and a constant cn > 0 such that
Bn ⊂ cnBm ∩ V σ (X ′,X).
Taking polars gives(
cn(Bm ∩ V )
)◦ ⊂ B◦n = Un.
By deﬁnition (Bn ∩ V )n is a fundamental sequence of bounded sets in V . As a consequence, the original topology τ of X
is coarser then the topology b′′(X, V ) of uniform convergence on the bounded sets in V . Obviously, τ  b′′(X, V ) therefore
these topologies coincide. By [16, p. 296] the space (X,b′′(X, V )) is quasi-barrelled. Furthermore, the family{(
U ◦n ∩ V
)◦
: n ∈N}
is a countable basis of zero neighbourhoods in V ′ and by [18, Prop. 8.3.12] together with [12, 11.2.4] V ′ is complete. Finally
by the proof of [16, 25.10] φ(X) is closed in V ′ .
Now deﬁne the map
Q : X ′′ → V ′, Q (x′′) := x′′|V .
Obviously Q −1(φ(X)) = π(X) ⊕ V⊥ and the closedness of the latter space follows. 
The next lemma is, in the Banach space setting, due to Wilansky [26, Lemma 1].
Lemma 2. Let X be a barrelled locally convex Hausdorff space with a Schauder basis (x j) j and denote by ( f j) j the associated sequence
of coeﬃcient functionals. For every Φ ∈ X ′′ the sequence {∑mj=1 Φ( f j)x j}+∞m=1 is bounded. Conversely, if (a j) j is such a sequence that
the set {∑mj=1 a jx j}+∞m=1 is bounded then there exists Φ ∈ X ′′ such that Φ( f j) = a j for all j ∈N.
Proof. Necessity. Let Φ ∈ X ′′ be arbitrary. By [20, Ch. IV, §3, Cor. 2] we have to show that the sequence{
m∑
j=1
Φ( f j)g(x j)
}+∞
m=1
is bounded for any g ∈ X ′ . By the continuity of Φ this will follow from the boundedness of the sequence{
m∑
j=1
g(x j) f j
}+∞
m=1
.
Since X is barrelled, by the Uniform Boundedness Principle [18, Prop. 4.1.3] it suﬃces to show that the sequence{
m∑
j=1
g(x j) f j(x)
}+∞
m=1
is bounded for every x ∈ X . But this is a consequence of the convergence of the series ∑+∞ g(x j) f j(x) to g(x).j=1
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m∑
j=1
a jx j
}+∞
m=1
(2)
is bounded. Since all f j ’s are continuous, we choose for every j ∈N a number n( j) such that
‖ f j‖∗n( j) := sup‖x‖n( j)1
∣∣ f j(x)∣∣< +∞.
By (2) we obtain, for any r ∈N, a natural number nr = max{n( j): j = 1, . . . , r} and a positive constant Cr such that for any
r-tuple (t1, . . . , tr)∣∣∣∣∣
r∑
j=1
t ja j
∣∣∣∣∣=
∣∣∣∣∣
r∑
j=1
t j f j
(
r∑
i=1
aixi
)∣∣∣∣∣ Cr
∥∥∥∥∥
r∑
j=1
t j f j
∥∥∥∥∥
∗
nr
. (3)
Now we deﬁne a subspace
G :=
{
f :=
r∑
j=1
t j f j: t1, . . . , tr ∈K, r ∈N
}
⊂ X ′
and a linear functional
φ : G →K, φ( f ) :=
r∑
j=1
t ja j.
By linear independence of f j ’s this functional is well deﬁned. By assumption the set
B :=
{
m∑
j=1
a jx j: m ∈N
}
⊂ X
is bounded and by (3) we obtain
|φ|B◦∩G | 1
which gives continuity. By the Hahn–Banach Theorem [12, 7.2.1] we extend φ to the functional Φ ∈ X ′′ . Obviously
Φ( f j) = φ( f j) = a j ∀ j ∈N. 
The deﬁnitions below of a k-boundedly complete and a k-shrinking basis in a Fréchet space are analogous to the ones
in Banach spaces, given in [24]. Let (X, (‖ · ‖n)n∈N) be a Fréchet space with a basis (x j) j∈N . We will use in the sequel the
following linear space of sequences of scalars
X :=
{
(a j) j:
(
m∑
j=1
a jx j
)+∞
m=1
is bounded
}
.
X becomes a Fréchet space if we endow it with the topology given by the seminorms
∥∥(a j) j∥∥n := sup
m∈N
∥∥∥∥∥
m∑
j=1
a jx j
∥∥∥∥∥
n
.
Deﬁnition 3. Let X be a Fréchet space with a basis (x j) j . We shall say that this basis is k-boundedly complete if:
(i) in every (k + 1)-dimensional subspace of X there exists a non-zero element (a j) j such that the series ∑+∞j=1 a jx j is
convergent;
(ii) there exists a (k + 1)-dimensional subspace of X for which the above element (a j) j is unique up to a homothety.
Remark. For k = 0 we obtain the deﬁnition of a boundedly complete basis which is due to James (see [10]) for Banach
spaces and Dubinsky and Retherford (see [6] and [19]) for locally convex Hausdorff spaces.
To give equivalent conditions for (x j) j being a k-boundedly complete basis we need the following lemma, proof of which
is exactly the same as in [24, Lemma 1]. Therefore we omit it.
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(a) A closed subspace G of X is of codimension at most k if and only if for every (k+ 1)-dimensional subspace E ⊂ X the intersection
G ∩ E contains a non-zero element x.
(b) A closed subspace G of X is of codimension at least k if and only if there exists a (k + 1)-dimensional subspace F ⊂ X the
intersection G ∩ F contains a non-zero element y, which is unique up to a homothety.
(c) A closed subspace G of X is of codimension k if and only if we have simultaneously (a) and (b).
The proof of the result below is analogous to [24, Th. 1] – we only mention differences, when necessary.
Theorem5. Let X be a Fréchet space with a basis (x j) j , let [ f j] be the closed subspace of X ′ spanned by the sequence ( f j) j of coeﬃcient
functionals and let k be a non-negative integer. The following conditions are equivalent:
(1) (x j) j is k-boundedly complete.
(2) codimX ′′(π(X) ⊕ [ f j]⊥) = k.
(3) codim[ f j ]′ φ(X) = k, where φ(x) := π(x)|[ f j ] .
(4) In every (k + 1)-dimensional subspace of X ′′ there exists a non-zero element Φ such that the series∑+∞j=1 Φ( f j)x j is convergent
and there exists a (k + 1)-dimensional subspace of X ′′ for which this element Φ is unique up to a homothety.
(5) In every (k+1)-dimensional subspace of [ f j]′ there exists a non-zero element W such that the series∑+∞j=1 W ( f j)x j is convergent
and there exists a (k + 1)-dimensional subspace of [ f j]′ for which this element W is unique up to a homothety.
Proof. (1) ⇒ (4): we use Lemma 2 instead of [26, Lemma 1].
(4) ⇔ (2): observe that
π(X) ⊕ [ f j]⊥ =
{
Φ ∈ X ′′:
+∞∑
j=1
Φ( f j)x j is convergent
}
(4)
and apply Theorem 1 together with Lemma 4.
(2) ⇒ (3): this is done exactly as in the proof of [24, Th. 1].
(3) ⇔ (5): observe that
φ(X) =
{
W ∈ [ f j]′:
+∞∑
j=1
W ( f j)x j is convergent
}
and apply Theorem 1 together with Lemma 4.
(5) ⇔ (1): By Lemma 2 the space [ f j]′ is linearly isomorphic to X by the mapping
W → (W ( f j)) j∈N. (5)
Since [ f j]′ is a Fréchet space we apply the Closed Graph Theorem [16, 24.31] to obtain the continuity of (5). This ﬁnishes
the proof. 
Deﬁnition 6. Let X be a Fréchet space with a basis (x j) j . We shall say that this basis is k-shrinking if:
(i) in every (k + 1)-dimensional subspace of X ′ there exists a non-zero element f such that
LimB( f ) := lim
n→+∞ supx∈B∩[xn+1,xn+2,...]
∣∣ f (x)∣∣= 0
for every bounded set B ⊂ X ;
(ii) there exists a (k + 1)-dimensional subspace of X ′ for which the above element f is unique up to a homothety.
Remark. For k = 0 we obtain the deﬁnition of a shrinking basis which is due to James [10] for Banach spaces and Dubinsky
and Retherford [6,19] for locally convex Hausdorff spaces.
The result below is an analogue of [24, Lemma 2] but we present the complete proof since it requires a new approach.
Lemma 7. Let X be a Fréchet space with a basis (x j) j and let [ f j] be the closed subspace of X ′ spanned by the sequence ( f j) j of
coeﬃcient functionals. We deﬁne the linear subspaces of X ′ as follows:
V1 :=
{
f ∈ X ′: LimB( f ) = 0 for every bounded set B ⊂ X
}
,
V2 :=
{
f ∈ X ′: lim
n→+∞ f (yn) = 0 for all bounded sequences (yn)n ⊂ X such that limn→+∞ f j(yn) = 0 ( j = 1,2, . . .)
}
,
V3 :=
{
f ∈ X ′: lim
n→+∞ f (yn) = 0 for all bounded sequences (yn)n ⊂ X such that f j(yn) = 0 (n > j)
}
.
Then
[ f j] = V1 = V2 = V3.
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[ f1, . . . , fn]⊥ :=
{
x ∈ X: f1(x) = · · · = fn(x) = 0
}
we have [ f1, . . . , fn]⊥ = [xn+1, xn+2, . . .] and
X = X/[ f1,..., fn]⊥ ⊕ [ f1, . . . , fn]⊥.
Since X/[ f1,..., fn]⊥ = [x1, . . . , xn] is complemented, the short exact sequence
0 → [ f1, . . . , fn]⊥ j−→ X q−→ X/[ f1,..., fn]⊥ → 0
splits and by [16, 26.12] the dual sequence
0 → (X/[ f1,..., fn]⊥)′ q
′−→ X ′ j′−→ [ f1, . . . , fn]′⊥ → 0
is topologically exact. Consequently the map j′ is open and
X ′/ker j′ = [ f1, . . . , fn]′⊥.
But ker j′ = [ f1, . . . , fn] therefore
X ′/[ f1,..., fn] = [ f1, . . . , fn]′⊥. (6)
Let now f ∈ V1. Since f |[ f1,..., fn]⊥ ∈ [ f1, . . . , fn]′⊥ , by (6) we obtain
inf
g∈[ f1,..., fn]
sup
x∈B
∣∣ f (x) − h(x)∣∣= sup
x∈B∩[ f1,..., fn]⊥
∣∣ f (x)∣∣→ 0. (7)
In particular, for every bounded set B in X we can ﬁnd a functional g ∈ X ′ such that
f = g + ( f − g) ∈ [ f j] + B◦.
Consequently
f ∈
⋂
B∈X
([ f j] + B◦)= [ f j]X ′ = [ f j],
which shows that V1 ⊂ [ f j]. But the other inclusion is obvious therefore V1 = [ f j]. The inclusions [ f j] ⊂ V2 ⊂ V3 hold
trivially and so it is suﬃcient to prove that V3 ⊂ V1. To this end, let f ∈ V3 and B ⊂ X be a bounded set. We assume that
B ∩ [ f1, . . . , fn]⊥ = ∅
and choose elements yn ∈ B ∩ [ f1, . . . , fn]⊥ so that∣∣ f (yn)∣∣> 1
2
sup
x∈B∩[ f1,..., fn]⊥
∣∣ f (x)∣∣.
The sequence (yn)n ⊂ B is bounded and also f j(yn) = 0 for all n > j. Therefore limn f (yn) = 0. Consequently
LimB( f ) 2 lim
n
∣∣ f (yn)∣∣= 0
and by the arbitrariness of B, f ∈ V1. 
The following result is a consequence of Lemmata 4 and 7.
Theorem8. Let X be a Fréchet space with a basis (x j) j , let [ f j] be the closed subspace of X ′ spanned by the sequence ( f j) j of coeﬃcient
functionals and let k be a non-negative integer. The following assertions are equivalent:
(1) (x j) j is k-shrinking.
(2) codimX ′ [ f j] = k.
(3) In every (k+1)-dimensional subspace of X ′ there exists a non-zero element f such that limn f (yn) = 0 for all bounded sequences
(yn)n ⊂ X satisfying limn f j(yn) = 0 ( j = 1,2 . . .) and there exists a (k + 1)-dimensional subspace of X ′ for which this element
f is unique up to a homothety.
(4) In every (k+1)-dimensional subspace of X ′ there exists a non-zero element f such that limn f (yn) = 0 for all bounded sequences
(yn)n ⊂ X satisfying limn f j(yn) = 0 (n > j) and there exists a (k + 1)-dimensional subspace of X ′ for which this element f is
unique up to a homothety.
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V⊥ = (X ′/V )′
which, in our context, follows by [14, Ch. 6, §29, 5(1)].
Lemma 9. Let X be a Fréchet space and V a total subspace of X ′ . Then
V⊥ ∩π(X) = {0}.
If either dim V⊥ < +∞ or codimX ′ V < +∞ then
dim V⊥ = codimX ′ V .
If, in addition, X is quasi-reﬂexive of order n, then:
0 codimX ′ V = dim V⊥  n,
0 codimX ′′
(
π(X) ⊕ V⊥) n,
codimX ′′
(
π(X) ⊕ V⊥)= n − codimX ′ V .
Now we are ready to state and prove the main result of this section.
Theorem 10. A Fréchet space X with a basis (x j) j is quasi-reﬂexive of order n if and only if there exists an integer k,0 k  n such
that the basis (x j) j is (n − k)-boundedly complete and k-shrinking.
Proof. Assume that X is quasi-reﬂexive of order n. Since [ f j] is a total subspace of X ′ , by Lemma 9 we obtain
n = codimX ′′
(
π(X) ⊕ [ f j]⊥
)+ codimX ′ [ f j]
and the conclusion follows by Theorem 5(2) and Theorem 8(2). If the converse holds, then by Theorem 5(2) we have
X ′′ = π(X) ⊕ [ f j]⊥ ⊕ F
with dim F = n − k and by Lemma 9
dim[ f j]⊥ = k.
Therefore codimX ′′ π(X) = n and the proof is complete. 
Corollary 11. A Fréchet space X with a basis (x j) j is quasi-reﬂexive if and only if this basis is k1-shrinking and k2-boundedly complete
for some non-negative integers k1,k2 . In this case X is quasi-reﬂexive of order n = k1 + k2 .
3. Quasi-reﬂexivity versus mean ergodicity
A continuous and linear operator T on a Banach space X is called mean ergodic (see e.g. [15, Ch. 2, §2.1, p. 73]) if the
limits
Px := lim
n→+∞
1
n
n∑
k=1
T kx (8)
exist for every element x ∈ X . It is called power bounded if
sup
k∈N
∥∥T k∥∥< +∞. (9)
If every power bounded operator is mean ergodic then the space X is called mean ergodic. In 1937 von Neumann proved
that unitary operators on Hilbert spaces are mean ergodic and a year later F. Riesz showed that all Lp-spaces, 1< p < +∞,
are mean ergodic. In 1939 Lorch proved that all reﬂexive Banach spaces are mean ergodic and raised the question of whether
the converse holds. The aﬃrmative answer for spaces with bases is given in [8]. For more informations on that topic see
[7, Ch. VIII, Section 4] and [15, Ch. 2].
Observe that (8) makes sense in any locally convex Hausdorff space therefore we call an operator T on such a space
mean ergodic if it satisﬁes (8). Condition (9) needs a reformulation and we say that an operator T on a locally convex Haus-
dorff space is power bounded if the sequence (T k)k∈N ⊂ L(X) is equicontinuous. For barrelled spaces this is just pointwise
boundedness of (T k)k .
Let us now state the main result of the paper which, for Banach spaces, is proved in [8, Th. 5].
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(i) X is quasi-reﬂexive of order one,
(ii) for every power bounded operator T ∈ L(X), T or T ′ : X ′ → X ′ is mean ergodic.
The proof is analogous to [8, Th. 5] therefore we will only present the sketch of it. But ﬁrst we have to establish Fréchet-
versions of [4, Th. 1] and [21]. The proof of Sine’s criterion (see e.g. [15, Ch. 2, §2.1, Th. 1.4]), originally given for Banach
spaces, does not require any speciﬁc topological structure of the considered space. Therefore we state it for an arbitrary
locally convex Hausdorff space without proof.
Theorem 13. Let X be a locally convex Hausdorff space and T ∈ L(X) a power bounded operator. Let F ⊂ X be the set of ﬁxed points
of T and F∗ ⊂ X ′ the set of ﬁxed points of T ′ . Then the operator T is mean ergodic if and only if F separates F∗ .
The proof of the following result is based on the method developed in [1, Section 3] to extend bases in Fréchet spaces,
similar to that given by Zippin (see [27, Th. 1]) in the Banach space setting.
Theorem 14. Let k be a non-negative integer and let (X, (‖ · ‖)n) be a Fréchet space which is not quasi-reﬂexive of order k. If X has a
k-shrinking basis then it has a (k + 1)-shrinking basis as well.
Proof. Let (x j) j be a k-shrinking basis in X . By assumption and Theorem 10 (x j) j is not boundedly complete therefore
there exists a sequence (α j) j of scalars such that
sup
m∈N
∥∥∥∥∥
m∑
j=1
α j x j
∥∥∥∥∥
n
=: Cn < +∞ ∀n ∈N,
and the series
∑
j α j x j does not converge. This means that there exists a seminorm ‖ · ‖n0 and an increasing sequence
(p(k))k of positive integers with p(0) = 1 satisfying
inf
k∈N
∥∥∥∥∥
p(k+1)∑
j=p(k)+1
α j x j
∥∥∥∥∥
n0
=: d > 0
and
sup
k∈N
∥∥∥∥∥
p(k+1)∑
j=p(k)+1
α jx j
∥∥∥∥∥
n
 2Cn < +∞ ∀n ∈N. (10)
If we deﬁne yk :=∑p(k+1)j=p(k)+1 α j x j (k ∈ N) then by [1, Lemma 3.7] there exist an increasing sequence ( jk)k of integers
with jk ∈ {p(k) + 1, . . . p(k + 1)} and a basis (z j) j in X given by
z j :=
{
x j, if j = jk for all k,
yk, if j = jk .
Observe that
span{ f j: j ∈N} = span{h j: j ∈N},
where ( f j) j and (h j) j denote the associated sequence of coeﬃcient functionals of (x j) j and (z j) j , respectively. For each
j ∈N, we now deﬁne
u j :=
{
z j, if j = jk for all k,∑k
l=1 z jl , if j = jk
and
g j :=
{
h j, if j = jk for all k,
h jk − h jk+1 , if j = jk .
(11)
Proceeding as in [13, Th. 3.1] we see that (u j) j is a basis in X . By (10) the sequence (
∑m
k=1 z jk )m is bounded and by
Lemma 2 there exists a functional Φ ∈ X ′′ such that
Φ(h j) :=
{
0, if j = jk for all k,
1, if j = jk .
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[ f j]+∞j=1 = [h j]+∞j=1 = [g j]+∞j=1 ⊕ [h j1 ],
whereas, by Theorem 8(2), codimX ′ [ f j] = k. Consequently, codimX ′ [g j] = k + 1 which, again by Theorem 8(2), means that
the basis (u j) j is (k + 1)-shrinking. The proof is thereby complete. 
Sketch of the proof of Theorem 12. (i) ⇒ (ii): Let T be a power bounded operator on X which is not mean ergodic.
By Theorem 13 there is f0 ∈ F (T ′) such that f0(y) = 0 for every y ∈ F (T ). Since F (T ′) always separates F (T ) (use Hahn–
Banach) we ﬁnd ψ0 ∈ F (T ′′) such that ψ0( f0) = 0 and so ψ0 /∈ X . By assumption every ψ ∈ F (T ′′) is of the form ψ = αψ0+ y
with y ∈ F (T ). If α = 0 then ψ( f0) = 0 whereas α = 0 means that ψ ∈ F (T ) and the separation of F (T ) by F (T ′) provides
an f ∈ F (T ′) with ψ( f ) = 0. By Th. 13 T ′ is mean ergodic.
(ii) ⇒ (i): Suppose that codimX ′′ π(X)  2. By [1, Th. 3.8] the space X has a basis (x j) j which is not 0-shrinking. By
Theorems 8 and 14 we may assume that
codimX ′ [ f j] 2.
By [1, Lemma 4.4] there exists an increasing sequence (nm)m of positive numbers and a Schauder decomposition (Em)m
of X , deﬁned by
Em := span{x j}nm+1j=nm+1
which has the following property: there exist a functional h ∈ X ′ and a bounded sequence (em)m ⊂ X such that for all m ∈N
we have em ∈ Em and h(em) = 1. Moreover the ‘partial sum’ operators Pm are of the form
Pm(x) =
nm+1∑
j=1
f j(x)x j .
It follows that
dim
+∞⋂
m=1
ker P ′′m  codimX ′ [ f j] 2.
As in the proof of [8, Th. 1] we choose a j = 2− j , An =∑nj=1 a j and deﬁne an operator
Tax :=
+∞∑
n=1
AnQnx+
+∞∑
j=2
h(P j−1x)a je j,
where Qn = Pn − Pn−1. We show that F (Ta) = {0} and F (T ′a) = {th} which means by Theorem 13 that Ta is not mean
ergodic. Since dim F (T ′a) = 1, to prove that T ′a is not mean ergodic we have to show that dim F (T ′′a )  2. This is done by
proving that
F (T ′′a ) =
+∞⋂
m=1
ker P ′′m.
Therefore Ta provides a contradiction to our assumption and ﬁnishes the proof. 
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